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Abstract: 



We consider virtual electroweak corrections to the form factors for massless chiral 
fermions coupling to an SU(2) x U(l) singlet gauge boson in the asymptotic region s ^> 
M-^r ~ M|, where the invariant mass s of the external gauge boson is much higher than 
the weak-boson mass scale. Using the sector-decomposition method we compute mass 
singularities, which arise as logarithms of s/M^ and 1/e poles in D = 4— 2e dimensions, to 
one- and two-loop next-to-leading-logarithmic accuracy. In this approximation we include 
all contributions of order a l e h \og j+k (s/M^), with 1 — 1,2 and j = 21, 21 — 1. We find that 
the electroweak two-loop leading- and next-to-leading-logarithmic mass singularities can 
be written in a form that corresponds to a generalization of Catani's formula for massless 
QCD. 
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1 Introduction 



Future colliders, such as the LHC [ [T] or an e + e~ Linear Collider (LC) [ El El Hj , 
will investigate interactions between the constituents of the Standard Model in a new 
window of energies above the present frontier of few hundred GeV up to the TeV scale 
and with very high luminosities. On the one hand, this window will provide new insights 
into the mechanism of electroweak (EW) symmetry-breaking through either the discovery 
of the Higgs boson and the measurement of its couplings or the observation of strongly 
interacting vector bosons. On the other hand, it will open new perspectives for precision 
tests of the Standard Model. 

From the point of view of theoretical predictions, since the size of radiative correc- 
tions grows with energy, multi-loop calculations will play an increasingly important role, 
especially in order to achieve the permille-level accuracy required by a machine such as a 
LC. In this context, the behaviour of the EW corrections is particularly interesting. In- 
deed, if one considers the range of energies much higher than the weak-boson mass scale, 
\/s Mw, and performs an expansion in Mw/\/i, the leading terms of this expansion 
arise as a tower of logarithms [ E] , 



which clearly enhance the EW corrections. At y/s = 1 TeV, these logarithms yield one- 
loop EW corrections of tens of percent with a considerable impact on LHC observables, 
and two-loop corrections of a few percent, which must be under control at a LC. 

At /-loop level, the leading logarithms (LL's), also known as Sudakov logarithms [E], 
have power j = 21, and the subleading terms with j = 21 — 1, 21 — 2, . . . are denoted as next- 
to- leading logarithms (NLL's), next-to-next-to- leading logarithms (NNLL's), and so on. 
Analogously to mass singularities observed in QED and QCD, the EW logarithms arise 
from soft /collinear emission of virtual or real particles off initial or final-state particles. 
However, in contrast to QED and QCD, the EW logarithms do not cancel in physical 
observables since the weak-boson masses provide a physical cut-off and there is no need 
to include real Z- and W-boson bremsstrahlung. Moreover, even observables that are fully 
inclusive with respect to Z- and W-bremsstrahlung are affected by EW LL's that violate 
the Bloch-Nordsieck theorem [|7j, owing to the fact that the scattering particles (fermions 
or gauge bosons) carry non-abelian weak-isospin charges. 

At one loop, the EW LL's and NLL's are now well understood. On the one hand, 
explicit diagrammatic calculations for many 2 — > 2 processes exist [ El El IH3 E] • On the 
other hand, it has been proven that these logarithms are universal, and general results 
have been given for arbitrary processes that are not mass- suppressed at high energies [ 
ElEj- For gauge-boson pair production at the LHC it was shown that, in the transverse- 
momentum region above few-hundred GeV, the EW logarithmic corrections can become 
of the order of the QCD corrections [Q31- 

At two loops, the situation is more difficult, since the analytical evaluation of Feynman 
diagrams with many external legs and different internal masses is a highly non-trivial task. 
At present, there are good prospects to compute vertex diagrams that depend on one single 
dimensionless parameter M^/s [E3- However, exact analytical results for general 2^2 




with 



< j < 21, 



(1.1) 
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processes seem to be out of reach. It is therefore reasonable either to solve the problem 
numerically, as for instance in Ref. [US], or to use analytical approximations. 

Two different strategies have been adopted in order to treat the higher-order EW 
logarithms analytically. On the one hand, evolution equations, which are well known in 
QED and QCD, have been applied to the EW theory in order to resum the one-loop 
logarithms 1 . On the other hand, explicit diagrammatic calculations have been performed 
using, for instance, the Sudakov method or the eikonal approximation. 

Fadin et al. [ E! have resummed the EW leading-logarithmic (LL) corrections to 
arbitrary matrix elements by means of the infrared evolution equation (IREE). Kiihn et 
al. have resummed the EW logarithmic corrections to massless 4-fermion processes up to 
the NNLL's [CHI- At the TeV scale they found that, for these particular processes, the 
leading and subleading logarithms have similar size and alternating signs, which gives rise 
to large cancellations. This means that, depending on the process, it might be necessary to 
compute the complete tower of logarithms (jl.lj) . A prescription for the resummation of the 
next-to-leading-logarithmic (NLL) corrections to arbitrary processes has been proposed 
by Melles [1131201. 

All the above resummations are based on the idea of splitting the EW theory into two 
regimes, both with exact gauge symmetry. This idea was first formulated in the context 
of the IREE [Ej 5 which describes the all-order LL dependence of matrix elements with 
respect to the transverse-momentum cut-off fi± within symmetric gauge theories. In 
practice, for the regime yjs > fi± > M w all EW gauge bosons are supposed to behave as 
if they would have the same mass Mw and one assumes SU(2) x U(l) symmetry, whereas 
in the regime Mw > A*± the weak bosons are supposed to be frozen out and U(l) em 
symmetry is assumed. This latter regime describes the effects originating from the mass 
gap in the gauge sector, i.e. from the fact that the (massless) photon is much lighter than 
the weak bosons. 

We note that in the above resummations, apart from the splitting of the evolution 
into two regimes, no other effects from spontaneous symmetry breaking are considered. 
In particular, the following assumptions are explicitly or implicitly made. 

(i) In the massless limit M w /s — > 0, all couplings with mass dimension, which originate 
from symmetry breaking, are neglected. 

(ii) The weak-boson masses are introduced in the corresponding propagators as reg- 
ulators of soft and collinear singularities from W and Z bosons without sponta- 
neous symmetry breaking. Since these masses are of the same order, one considers 
M w = My, 

(iii) The regimes above and below the EW scale are treated as an unmixed SU(2) x U(l) 
theory and QED, respectively, and mixing effects in the gauge sector are neglected. 

It is important to understand to which extend the above assumptions are legitimate and 
whether the resulting resummation prescriptions are correct. This can be done by explicit 

1 In order to resum the LL's and NLL's it is sufficient to determine the kernei of the evolution equations 
to one-loop accuracy. However, starting from the NNLL's also the two-loop contributions to the /^-function 
and to the anomalous dimensions are needed. 
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diagrammatic two-loop calculations based on the EW Lagrangian, where all effects related 
to spontaneous symmetry breaking are consistently taken into account. 

At the LL level, these checks have been already completed. A calculation of the 
massless fermionic singlet form factor [|^J|22] and then a Coulomb-gauge calculation for 
arbitrary processes [|2H] have demonstrated that the EW LL's exponentiate as predicted by 
the IREE. Also the angular-dependent subset of the NLL's has been shown to exponentiate 
for arbitrary processes [ 121] as anticipated in Refs. [ QH1 12HI • The complete tower of two- 
loop logarithms has been computed in Ref. [|2H] for the fermionic and scalar subsets of 
the corrections to a massless fermionic form factor within an abelian massive theory. 

In this paper we present a first diagrammatic calculation where the complete set of EW 
LL and NLL corrections is taken into account. We consider the one- and two- loop virtual 
EW corrections to the form factors for massless chiral fermions coupling to an SU(2) x U(l) 
singlet gauge boson. All relevant loop integrals within the 't Hooft-Feynman gauge are 
evaluated in the asymptotic region s 3> ~ to NLL accuracy using the sector- 
decomposition method. In addition to the logarithms of the type (jl.lj) . which arise from 
massive virtual particles, we include also mass singularities from massless photons. These 
latter are regulated dimensionally and arise as 1/e poles in D = 4 — 2e dimensions. In NLL 
approximation all mass singularities of the order a l e k log J ' + (s/Myj), with j = 21,21 — 1, 
and —j<k<4 — 21, are taken into account. We do not assume Mz = iWw an d we 
include contributions depending on log(Mz/Mw)- 

The paper is organized as follows. In Sect. |2]we define our conventions for the chiral 
form factors and for the computation of the logarithmic EW corrections. The one-loop 
results are presented in Sect. El In Sect. 0] we provide the two-loop contributions from 
individual Feynman diagrams and counterterms and present the final result. A detailed 
discussion is given in Sect . 03 The definitions of the relevant one- and two- loop integrals 
as well as group-theoretical quantities related to the /3-function can be found in the 
appendices. 
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2 Definitions and conventions 

In this section we introduce chiral form factors and corresponding projectors for the 
vertex involving an external SU(2) x U(l) singlet gauge boson and a massless fermion- 
antifermion pair. We define the conventions used to calculate the EW corrections, the 
NLL approximation, and a subtraction to isolate mass-gap effects. 

2.1 Chiral form factors in D dimensions 

Let us consider the vertex function 




with a fermion-antifermion pair coupled to an external gauge boson. This latter, which 
might be for instance a gluon, is treated as an external field that does not enter the 
virtual corrections. Moreover, it is assumed to be an SU(2) x U(l) singlet, which does 
not interact with the EW gauge bosons but only with fermions. 

The outgoing fermionic momenta and the invariant mass of the gauge boson are de- 
noted as pi,P2, and s = {p\ +P2) 2 , respectively. We assume that the fermions are on-shell 
and massless. In this case, the above vertex can be parametrized in terms of the left- and 
right-handed form factors _F_ and F + as 

= 7" 5> CT F (7 , with ^± = i(l± 7 5 ), (2.2) 

<7=± 1 

where indices corresponding to the weak isospin of the external fermions are implicitly 
understood. The couplings of the singlet gauge boson to the fermions are given by the 
tree-level form factors and can be in general parity violating. 

Since we compute the loop corrections within dimensional regularization, we have 
to specify a prescription to handle 7 s in D = 4 — 2e dimensions without violating the 
Ward identities of the external current. In principle, a chiral anomaly could originate 
from fermionic triangle subdiagrams. However, such triangle subdiagrams, and the cor- 
responding chiral anomaly, do not contribute to the leading and next-to-leading mass 
singularities (see Sect. I2.3|) that we calculate in this paper. Therefore, we can safely 
adopt a dimensional regularization scheme with 

{ 7 «, 7 5 } = 0. (2.3) 

We note that this choice of scheme is not unique. In principle, other prescriptions could 
be used which differ with respect to ()2.3|) by terms of order e. As a consequence, the 
residues of the subleading 1/e poles in the infrared- divergent virtual and real corrections 
are scheme dependent. However, this ambiguity disappears in their infrared-finite combi- 
nation, provided that the same prescription (|2.3|) is used for virtual and real corrections. 
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2.2 Chiral projectors 

The left- and right-handed form factors F± can be obtained by means of the following 
projectors 



V 



\ 




\ 



1 



(2-D)s 



Tr {-y^F^M . 



(2.4) 



When these projections V a are applied to loop diagrams, the chiral projectors oj a can 
be easily combined with those originating from the couplings of the massless fermions to 
virtual EW gauge bosons V — A,Z, W ± , 




p=± 



(l v ) 



(2.5) 



Here ^ = u, d are the components of the fermionic doublet and the generators 1 [see 
f!2.24|l ] are isospin matrices in the representation corresponding to the chirality p, i.e. the 
fundamental or singlet representation for left-handed (p = — ) or right-handed (p = +) 
chirality, respectively. 

In practice, as a result of chirality conservation for massless fermions, in each vertex 
(12. 5|) that is connected to the external gauge boson by means of a massless fermionic 
line one can replace Y^p^pl^ by Jj, i.e. the right- and left-handed form factors ()2.4|) 
receive contributions only from couplings with corresponding chirality p = a. After 
this simplification, owing to the fact that the form factors depend only on two linearly 
independent external momenta, which cannot give rise to a totally antisymmetric tensor 
with four indices, the remaining 7 5 contribution from u a drops out and one can set 
u a = 1/2 in flSj . 

2.3 Perturbative and asymptotic expansions 

As a convention, we write the perturbative expansion of the chiral form factors as 



1 + | (£) NM'\ 



with N e 



1 /4tt/^\ 



T(D/2- 1) 



(2.6) 



where a = e 2 / (47r) is the electromagnetic fine-structure constant, 5F® represent the /-loop 
corrections relative to the tree-level form factors F^°\ and the normalization factor N € , 
with p being the scale of dimensional regularization, is introduced in order to facilitate the 
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comparison with Ref . [ • In the calculation, the /-loop contributions 8Fjp are extracted 
from the corresponding vertex functions Fm by means of the normalized projectors 

Vf = ^ V a , Vf [Ffo] = e^F^FV. (2.7) 

The EW corrections depend on the invariant mass s, on the masses of the heavy 
virtual particles W, Z,t, and H, as well as on the renormalization scales //j. In this paper 
we consider the asymptotic region 

s > ~ M| ~ m\ ~ M*, (2.8) 

where the invariant mass s is much higher than the EW scale. In order to simplify the 
discussion, let us assume for the moment that 

M w = M z =m t = M H , (2.9) 

and //j = M\y. In this case, the EW corrections depend only on the dimensionless ratio 
s/Myj, and are dominated by mass-singular logarithms 2 

L =- log (^) . (2,0) 

which originate from soft and collinear heavy particles. In addition we have mass singu- 
larities that originate from soft and collinear massless photons and give rise to 1/e poles 
in D = 4 — 2e dimensions. Therefore, the /-loop contributions to the chiral form factors 
can be written double expansion in L and e, 

21 oo 

SFP = E E SF%, k e k V + \ (2.11) 
i=o fc=-j 

with coefficients SF^ k that tend to constants in the asymptotic limit s/M^ — ► oo. 

In order to classify mass singularities, we define the degree of singularity of a term 
in ()2.11|) as the total power j of logarithms L and 1/e poles. The maximal degree of 
singularity at /-loop level is j = 21 and the corresponding terms are denoted as LL's. The 
terms with j = 21 — 1 represent the NLL's, and so on. 

In this paper we systematically neglect mass-suppressed corrections of order M^/s 
and we calculate the one- and two-loop corrections to NLL accuracy, i.e. including LL's 
and NLL's. For this approximation we use the symbol N = L . The two- loop corrections are 
expanded in e up to the finite terms, i.e. contributions of order e°L 4 and e°L 3 . Instead, 
the one- loop corrections are expanded up to order e 2 , i.e. including terms of order e 2 L 4 
and e 2 L 3 . As we will see, these higher-order terms in the e-expansion must be taken into 
account in the relation between one- and two-loop mass singularities. 



2 These logarithms are evaluated in the Euclidean region — s ^> M^, where the corrections are real. 
The imaginary parts that arise in the physical region l|2.8|l can be obtained via analytic continuation 
replacing s by s + iO. 



6 



In general, we have also logarithms 

V == log (|r) . (2-12) 

which depend on the renormalization scales = // w , /i e of the weak mixing angle and the 
electromagnetic coupling constant. In the expansion (j2.11|) . such logarithms are counted 
with the same weight as L, i.e. the terms of type e fc l™£i+ fc - m are considered to be of the 
same order as e k U +k . Moreover, since the heavy-particle masses are of the same order, 

M w ~ M z ~ m t ~ M H , (2.13) 

but not equal, the coefficients 8F® k in ()2.11j) depend also on the ratios of these masses 3 . 
Actually, as we will see in the final result, they depend only on logarithms of the type 

(2.14) 

These logarithms are small compared to ([2.10)1 . and in principle one could neglect them, 
i.e. one could regard the equal- mass case (|2.9jl . where they vanish, as a good approximation 
of the final result. However, we find that this equal-mass approximation cannot be adopted 
in order to simplify the analytical evaluation of the two- loop diagrams. In fact, as we 
will discuss in Sect. 15.1.51 certain two-loop integrals yield contributions that depend not 
logarithmically but linearly on the ratio M^/M|. In this case, the relation between the 
weak-boson masses and the weak mixing angle must be carefully taken into account in 
order not to destroy cancellations that guarantee the correct infrared behaviour of the 
two-loop corrections. This means that one cannot perform the diagrammatic calculation 
by using the same mass in all heavy-particle propagators. 

2.4 Gauge interactions, symmetry breaking and mixing 

For the Feynman rules we adopt the formalism of Ref. (see App. B), which has 
been introduced in order to facilitate calculations in the high-energy limit of the sponta- 
neously broken EW theory and permits, in particular, to make extensive use of various 
group-theoretical identities that can be found in App. A of Ref. [EH- In order to make 
the reader familiar with this formalism, we briefly review those aspects of spontaneous 
symmetry breaking that play a crucial role in the present calculation. 

Within the unbroken phase of the E W theory, the gauge interactions are generated by 
the covariant derivative 

V li = d li -\e ( 2 - 15 ) 

V=W 1 ,W 2 ,W 3 ,B 

where the vector bosons W 1 , W 2 , W 3 and B are associated to the generators 

ef wa =g 2 T a , e I B = - gi ^, (2.16) 
3 This dependence starts at the subleading level, i.e. for j < 21 — 1. 



— 3 
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of the SU(2) x U(l) symmetry group with the corresponding coupling constants g 2 and 
gi. The symmetry is spontaneously broken by a scalar Higgs doublet 



$ = 



\ V2 



(2.17) 



which acquires a vacuum expectation value (vev) v corresponding to the minimum of its 
potential. The Higgs doublet is parametrized in terms of the four degrees of freedom 
$j = <f) + ,<f)~,H, x, where <p~ = (<f) + ) + . In this representation the gauge-group generators 
are 4x4 matrices with components IX.*, .. The interactions of the gauge bosons with the 
vev generate the vector-boson mass matrix 



1 



M 2 ~ - , , 

lvl vv 2 I ' Jra' 



e 2 v 2 



(2.18) 



where the curly brackets denote an anticommutator. The physical gauge bosons A, Z, and 
W ± , are the mass eigenstates of this matrix, which result from the unitary transformation 

W± = ±=(wlTiWf), Z„ = c w W* + s w B^ A„ = -s w W* + c w B„, (2.19) 



V2 

where c w = cos# w , s w = sin6> w , and 9 W is the weak mixing angle. Their masses are 



M w ± 



M 7 



1 



2 2cw 
and 9 W is related to the weak-boson masses via 

M w = c w M z . 



g 2 v, M A = 0, 



(2.20) 



(2.21) 



The vanishing mass of the photon is connected to the fact that the electric charge of the 
vev is zero. This provides the relation 



Cw9iY<s> — s w g 2 , 



(2.22) 



between the weak mixing angle, the coupling constants g±, g 2 and the hypercharge Y$ of 
the Higgs doublet. In the calculation we keep Y$ as a free parameter, which determines 
the degree of mixing in the gauge sector. This permits us to consider the Standard Model 
case, 1$ = 1, as well as the special case Y$ = corresponding to an unmixed theory with 



s w = 0, c w = l, Z„ = Wi, Ap = B», M W = M Z . (2.23) 
In general, the mass-eigenstate gauge bosons are associated to the generators 



£l± = % ± ^ ' = Cw92T3 ~ Sw9l ^ ) 61 



Y 



-s w g 2 T 3 



Y 

CwQi — 



with commutation relations 



I V \I V > 



V 3 =A,Z,W± 



(2.24) 



(2.25) 
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where V denotes the complex conjugate of V 

_ 1)P +i 



e 



V!V 2 V3 



1 X < 



c w 




if 

if V x V 2 V?j 
otherwise, 



7i(ZW + W~ 
tt(AW + W' 



(2.26) 



and (— l) p represents the sign of the permutation ir. It is also useful to introduce the 4x4 
matrices 



A SU(2) 



V 



s 2 


s w c w 









/ 


c 2 


s w c w 





o\ 


s w c w 


c 2 












s w c w 


s 2 














1 

















































(2.27) 



which project on the SU(2) and U(l) components of the gauge fields, respectively 4 . Anal- 
ogously to the SU(2) structure constants, the e tensor (|2.2fi|) satisfies the identities 



ViV 2 V 3 V{V£V 3 



E * 

V 3 =A,Z,W± 

£ ViV 2 v 3£ v{v 2 v 3 

V 2 ,V 3 =A,Z,W ± 



<-SU(2) <-SU(2) _ <-SU(2) <-SU(2) 
°VxV{ °V 2 V{ °V\Vi °V 2 V( ' 

r a su ( 2 ) 



'2.28) 



where Ca = 2 is the eigenvalue of the Casimir operator in the adjoint representation. The 
dimension of the SU(2) gauge group is denoted as d 2 = Tr[£ su ( 2 )] = 3. 

The above group-theoretical identities have been used in the calculation in order to 
express all combinations of (non-commuting) fermionic chiral couplings 1^ occurring in 
Feynman diagrams in terms of the electric charge Q = —I A , the diagonal matrices Y a , Tj 5 , 
and the SU(2) Casimir operator C a , with C + = and C_ = 3/4. 



2.5 Mass-gap effects 

The EW corrections depend on various mass scales: the masses of the heavy virtual 
particles, which we generically denote as Mj = M\\ . My. in,. and in general also a 
photon mass A, which can be used to regularize mass singularities from virtual photons, 



6F® = 6F!P ({M,},A) 



(2.29) 



SU(2) and Sy l y] in TFFft corresponds to V, V = A,Z,W+,W~. For 



The order of the components 5 VV , anu- u vv 
instance we can project the SU(2) and U(l) contributions to the generators with 



« E 

V=A,Z,W± 



rSU(2) T v 
°AV 1 



and 



« E 

V=A,Z,W± 



.11(1) T v 
°AV 1 



-g 2 s w T , 



Y 



e E u zv 

V=A,Z,W ± 



A SU(2) j V _ T 3 



« E 

V=A,Z,W± 



rU(l) jV Y 
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In our calculation the photon and the light fermions are massless, and the heavy masses 
(|2.13|) are assumed to be of the same order but not equal. One of our aims is to investigate 
the effects resulting from the splittings between these masses, and in particular from the 
gap between the photon mass (A = 0) and the weak-boson masses, which is a non-trivial 
aspect of the EW corrections. To this end, it is useful to isolate the mass-gap effects 
by adding and subtracting an equal-mass contribution, where the EW corrections are 
evaluated by setting Mj = M w and A = M w in the propagators of the heavy particles 
and of the photon. This results in the splitting 

*FW({J^},0) = tfFW({M i } l M w )| +A5F«({M l },0), (2.30) 

where all mass-gap effects, and in particular all infrared divergences (or combinations of 
infrared and ultraviolet divergences), are isolated in the subtracted term ASF^, whereas 
the purely ultraviolet divergences are contained in the equal-mass term. According to the 
IREE, the equal-mass term is expected to behave as in a symmetric SU(2) x U(l) theory, 
whereas the mass-gap term, or more precisely the part resulting from the gap between 
the photon and the weak-boson masses, is expected to be of QED nature. 

The analytical results for one- and two-loop diagrams that we present in the next 
sections are systematically split as in ()2.30|) . The relevant loop integrals Di and corre- 
sponding subtracted functions ADi are defined in App. [X] in all diagrams, the photonic 
couplings which occur in the equal-mass contributions are always written in terms of Y 
and T 3 , whereas in the mass-gap contributions we always write Q. This permits us, at 
the end of the calculation, to switch off all contributions originating from the A — W mass 
gap, i.e. to set A = Mw, by simply substituting Q = 0. 

The integration of the massive one- and two-loop integrals has been performed to 
NLL accuracy by means of an automatized algorithm based on the so-called sector- 
decomposition technique [ 123 I2H1 1213 ED] • This method permits to separate overlapping 
ultraviolet and mass singularities in Feynman-parameter integrals. As a result of this 
sector decomposition, the integrand can be split into simple subtraction terms that lead 
to ultraviolet and mass singularities and a finite remainder. Finally, the mass-singular 
integration of the subtraction terms that lead to the LL and NLL contributions can be 
performed in analytic form. A detailed description of the sector-decomposition algorithm 
for massive loop integrals is postponed to a forthcoming paper [l3*Tj. 

3 One-loop form factors 

In this section we present the one-loop contributions to the bare and renormalized 
form factors ()2.4|) . Each result is expanded in e up to the order e 2 . 
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3.1 Bare form factors 

At one loop only the following topology contributes 



E 

=A,Z,± 



CCD (M ai ] 



(3.1) 



The corresponding loop integral Dq is defined in (|A.6|) and to NLL accuracy yields 
D (M W ) N ± L —L 2 - h 3 e - -L\ 2 + e' 1 + 4L + 2L 2 e + f L 3 e 2 , 
A J D (M z ) N ^ L (2L + 2L 2 e + L 3 e 2 ) l z , 

AD o (0) 
This leads to 

e 2 ^ = K S ™D (M W ) + K* AD (M Z ) + K* o AD o (0), 

where 

<H=A,Z,± V Z 7 



NLL _ 2e _ 2 2 2 3 1 4 2 _ x _ 2 _ 2 ^ 

3 4 3 



K 



cj.O 



Y„ 



K. 



2r\2 



(T.O 



e z Q 



(3.2) 
(3.3) 



(3.4) 



3.2 Renormalization 

The tree-level form factors do not depend on the EW coupling constants and 
masses. Therefore, the only one-loop counterterm contribution arises from the on-shell 
wave-function renormalization constants (WFRC's) for massless chiral fermions 5 , 



l=l 



which yield 



(3.5) 



(3.6) 



The one-loop WFRC's receive contributions only from massive weak bosons, whereas 
the photonic contribution vanishes owing to a cancellation between ultraviolet and mass 
singularities within dimensional regularization. To NLL accuracy we have 



^ N = - 1 e <?m (t£) 

C a^A \ 1V1 a J 



(3.7) 



9l 



3^2 



Ml, 



+ 



9l(¥) + 9l(T?) 2 - e 2 Q 2 



'Note that we adopt a perturbative expansion with the same normalization factor N e as in 12.611 . 
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3.3 Renormalized one-loop form factors 

Combining the above results we obtain the renormalized one-loop form factors 

e 2 5F^ = e 2 [6F§ + 5 WF F^ 

nll ^w /(e; Mw) + K Z flAI {e, M z ) + < A/(e, 0), (3.8) 

where expanding in e up to the order e 2 we have 

I(e, M W ) N = -L 2 - \Lh - h*e 2 + 3L + \h 2 e + \h\ 2 + 0(e% 
J(e, M z ) N i^ L 7(e, M w ) + l z (2L + 2L 2 e + L 3 e 2 ) + 0(e 3 ), 
7(e,0) N = L -2 e - 2 -3e" 1 , (3.9) 

and the subtracted functions AJ are defined as 

A/(e, m) := I(e, m) - J(e, M w ). (3.10) 

4 Two-loop form factors 

In this section we present the two-loop contributions from individual Feynman dia- 
grams and counterterms. Each result is expanded in e up to the order e°. The diagrams 
1-3 in Sect. 14. II give rise to LL's and NLL's, whereas all other diagrams and counterterm 
contributions yield only NLL's. 

4.1 Bare form factors 

The two-loop Feynman diagrams contributing to the bare form factors involve vir- 
tual gauge bosons (a* = A, Z,W ± , ai = A,Z,W T ), ghosts (w" = u A ,u z ,u w ), Higgs 
bosons and would-be Goldstone bosons ($j = H,Xi4 l± )i as wen as fermionic doublets 
{^i = u,d). The corresponding loop integrals are defined in App. [XJ The computation 
is performed within the 't Hooft-Feynman gauge, where the masses of the ghosts and 
would-be-Goldstone bosons read M^± = M u ± = Mw and M x = M u z = Mz. The symbol 
Mj, is used to denote generic heavy masses, i.e. Mj = M w , M z , m t , M H . 

4-1.1 Diagram 1 
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where the loop integral D\ is defined in flA.6|) and yields 



D 1 (M W ,M W ] 
AD 1 {M 1 ,M 2 ] 



NLL 1 



6 

NLL 2 



2U 



AD 1 (0,M 2 ) N = 21 
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V 2 + ^LV 1 + ^L 4 - 2e- 3 - (8 + 4 1 2 ) Le~ 2 

3 O 



(7 + 81 2 )L 2 e 



2,-1 



10 

y 



h L 



AD l (M 1 ,0)^ L -^L\, 



ADAO, 0) N ^ L e" 4 - -L A + 2e~ 3 + L 2 e _1 + 2L 3 . 
6 

This leads to 

eHp {2) nll ^sc iWjDi(Mw; Mw) + R z^ AD^Mz, M w ) + if^ADi(0, M w ) 
+ i^f ADi(0, M z ) + KffADiiO, 0), 



where 



K se ™ = e 4 '"' '' !J ?!!J '" 

il ,a 2 =A,Z,± 



rai ra 2 ra 2 ra 
(7 (T a a 



91 



Z ja 2 ja 2 jZ _ g 2 f jZ 



(7 a <T <T 



E 

a 2 =A,Z,± 

= e4 E 4^ 2 C^ = e 2 ^ 2 2 Q 

a 2 =± 

, 2 



y s 2 
~2 



+ 9 2 2 C a 
Y x 2 



2 

2,\2 



+ <7 2 c CT 



(4.2) 



(4.3) 



Q 2 (/f)% <f = e 4 Q 4 (4-4) 

Note that all AD-contributions from diagrams with a,\ = Z, ± and a 2 = A, Z,± have 
been combined in the term proportional to .fTf 1 in ()4.3|) using the relations 



AD l (M z ,M w ) N ^ L A J D 1 (Mz,Mz)= L A J D 1 (M z ,0), 
AD 1 {M W , M w ) N = L AD 1 {M W , M z ) N = L AD 1 {M W , 0) N = L 0, 



(4.5) 

which can be read off from (|4.2j) . For the diagrams that we present in the following similar 
simplifications are implicitly understood. 



4-1-2 Diagram 2 



stt2 



i Ff Yl i~: i i: 2 i: i i a a 2 D 2 (M ai} M a2 ), (4.6) 

ai,a,2=A,Z,± 
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where the loop integral D 2 is defined in flA.6|) and yields 

d 2 (m w ,m w )^ l1 -l*- 8 -l\ 



AD 2 (M U M 2 ) N ± L --L 3 (h+\ 2 ), 
AD 2 (0, M 2 ) ^ - j^V 1 - 7 -L A + (4 + 2 1 2 ) 



AD 2 (Mi,0) N = L 



^V 1 



6" 





/20 




101 


+ 




+ 




U" 


3 




/20 




101 


+ 




+ 




V~3~ 


3 



AD 2 (0, 0) N ^ L e- 4 - -L 4 + 4e" 3 + -L 3 . 

3 3 



This leads to 

e 



where 



ds to 

n ± l K s ™D 2 (M w , M w ) + K™ Z AD 2 (M W , M z ) + K^ 2 A AD 2 (M W , 0) 
+ K*iAD 2 (M z , M z ) + i^ 2 A AD 2 (M z , 0) + i^AZ^O, 0), 



K -r,2 



9l (y) 2 + ^ 



C 1 a 1 cr 1 u 1 cr 

ai,a2=A,Z,i: l. 

Z Z = e4 E + l Z J7l Z J7) = 2eV 2 (if) 2 [C CT - (T c 

ai=± 

- eg 3 2 c w C A T^, 

ai=± 

egls w C A T*Q, 

2 



= 2eW ^ - (2?)* _ ... 
?f = e 4 (/f) 4 , i^ = 2e 4 Q 2 (/; 



^ = e 4 g 4 . 



Diagrams 3 



(4.7) 



(4.t 



(4.9) 




= -2ie 3 ^ 2 Fi°) £ e a ^ a3 I^I^i: 3 D 3 (M ai ,M a2 ,M a3 ), (4.10) 

ai,a2,a3=A,Z,± 

where the e tensor is defined in ()2.2(i|) . The loop integral D3 is defined in (|A.6|) and yields 

D 3 (M W , M w , M w ) N = L \^ - 3LV 1 - 5L 3 , 

6 
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AD 3 {M 1 , M 2 , M 3 ) N ^ L -h 3 (li + la) , 
AD 3 (0, M 2 , M 8 ) ^ -^V 1 - ^L 4 + (2 + 1 3 ) L 2 e -1 + (y + ^) L* 



A J D 3 (M 1 ,0,M 3 ) N ^ L -iL 3 (1x4 1 



3/ 



AD 3 (M 1 , M 2 , 0) N ^ L -^V 1 - ^L 4 - 6e- 3 - 6Le~ 2 + (1 + l x ) LV 1 
This leads to 

e 4 ^ = KJD 3 (M W , M w , M w ) + K^ w AD 3 {0, M w , M 



w, 



where 



+ /^ A AL> 3 (M W , M w , 0) + K Z J W AD 3 {M Z , M w , M w ), (4.12) 



K sew = _ 2ie 3 g2 s^HlHlnl* = g*C A C a , 

ai, 0.2,0.3= A, Z,± 

K Aww = _ 2ie 3 g2 £ e A ^I*lfl? = egls w C A QTl 

a 2 ,a 3 =± 

K wwA = _ 2ie s g2 ^I?I?li=K*r, 



a\,a 2 =± 



jy-ZWW 

£7,3 



-2ie 3 g 2 I ^ £ Za 2 a 3 jZ ja 2 ja 3 + £ £ a ia2 Z ja 2 jZ 
\a,2,a.3=± ai,a 2 =± 



= 2eglc w C A I^T 3 . (4.13) 

^.1.^ Diagrams 4 





oi ,a 2 =A,Z,± 

where the loop integral D4 is defined in (IA.6|) and yields 



(4.14) 



NLL r 2 -1 



AD A (M X ,M 2 ) N = 0, 
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AD A (0, M 2 ) N ^ L 2e- 3 + 2Le~ 2 + L 2 e~ l + \l\ 

AD 4 (M!,0) N = L 0, 
AD 4 (0, 0) N = L e~ 3 - L 2 e _1 - L 3 . 

This leads to 

e 4 8F^ = K^D A (M W , M w ) + K^AD 4 (0, M w ) + tf#AZ> 4 (0, 0) 

where 



^sew = 2e 4 £ J*J*J?i? = 2 

ii ,a2=A, Z,± 

K% = 2e 4 £ = 2e 2 g 2 

i^f = 2e 4 Q 4 . 



(y) 2 + ^ 2 2 a-e 2 g 2 



4-1.5 Diagrams 5 



= 2e 4 FW 2 C^C^^(M aiI M fl2 ), 
where the loop integral -D5 is defined in flA.6|) and yields 

AL> 5 (M 1) M 2 ) N i^ L 0, 
AD 5 (0, M 2 ) N i^ L -2e- 3 - 2Le~ 2 - LV 1 - ^L 3 , 

A J D 5 (M 1 ,0) N ^ L 0, 
A J D 5 (0,0) N ^ L -e- 3 + LV 1 + L 3 . 

This leads to 

e 4 5F% = K s a JD 5 (M w , M w ) + K%AD s (0, M w ) + K%AD s (0, 0), 
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where 



K a,5 



K, 



AV 

cr.5 



2e 4 £ = 2 

ai ,a,2=A,Z,i: 



2e 4 £ J^ 2/< A C 

2e 4 Q 4 . 



2e 2 Q 2 



egls w C A QT c 



a ■ 



(4.21) 



^.1.5 Diagrams 6 



pm 




pm 




(4.22) 



where the loop integral D 6 is defined i 



E £ «™ £ a 4 a 2 a 3 jaij* Df ,(M ai , M a2 , M a3 , M a J, 



in 



2} and yields 
,(M W , M W) M w , M w ) = L y^e" 1 + ^ L 3 , 



AD 6 (M 1 ,M 2 ,M 3 ,M 4 ) N ^ L „. 
AD 6 (0, M 2 , M 3 , M 4 ) ^ [-l 6e - - 16Le- 2 + f 

A J D 6 (M 1 ,0,M 3 ,M 4 ) N ^ L 0, 
AL> 6 (Mi ' r " ' r NLL " 



This leads 



fi,M 2 ,0,Af 4 ) N = L 0, 
on 

A J D 6 (0,M 2 ,M 3 ,0) N ^ L y e- 



-16e- 3 -16Le- 2 + — L 3 
3 . 

20 , 20 r „ 40 - 

— e~ 3 H Le~ 2 L 3 . 

3 3 9 



to 



e 4 5F^ = K S ™D 6 (M W ,M W ,M, 

A A . , 



where 



fw,M w )+4 A 6 z AA 
-K^AD 6 (0,M w ,M w ,0), 



;(0,M 



r w , M w , M z ) 



ai ,a2,a3,a4=A,Z,± 

17 



(4.23) 



(4.24) 



K 



AZ 



2 2 

; e 92 



T a J a S £ AS2 " 3 £ Za2a3 + (A <-> Z) 
a 2 ,a 3 =± 



e <j 2 s w c w C 'aQI^ i 



(4.25) 



We observe that the loop integrals associated with A-Z mixing-energy subdiagrams give 
rise to the contributions 



AD 6 (0, M w , M w , M z ) 



/M 



vv 



VMz 



2 r 



-16e" 



16Le~ 



3 



(4.26) 



which depend linearly on the ratio (M^/Mz) 2 . This dependence appears also in all other 
bosonic A-Z mixing-energy diagrams 7-10 and is discussed in detail in Sect. 15.1.51 There 
we explain its origin and show that, in order not to destroy cancellations that ensure the 
correct infrared behaviour of the corrections, the relation (I2.21|) between the weak-boson 
masses and the weak mixing angle must be carefully taken into account. This means that 
such loop integrals cannot be evaluated using Mw = Mz in the weak-boson propagators. 



4-1.7 Diagram 7 



p(2) 



2 2 

' a 2 = 6 92 



a-3 



77(0) jai ra 3 

a\,a,2,az=A,Z,± 

x (D-l)D 7 (M ai ,M a2 ,M as ), 



SU(2),SU(2) jfSU(2)pSU(2) 



5- [ } S 



S- ( 'S- 



(4.27) 

where £ su ( 2 ) is the matrix is defined in (|2.27j) and D = 4 — 2e. The loop integral D 7 is 
defined in (IA.6j) and yields 

D 7 (Mw,M w ,M w ) N = L 0, 
AD 7 (M 1 ,M 2 ,M 3 ) N = L 0, 



AD 7 (0, M 2 ,M 3 



nll (M^ 2 
VM 3 



2e~ 3 - 2Le~ z + -L A 



AD 7 (M ls 0,M 3 ) N ^ L 0, 
AD 7 (M h M 2 ,0)^ 

AD 7 (0, M 2 , 0) N = L 0. 



-2e" 3 - 2Le" 2 + -L 3 



(4.28) 



This leads to 



e*6F% = K%AD 7 (0,M w ,M z ) 



-AZ 



(4.29) 
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where 



K AZ 



jAjZ 

a a 



(D - l)e 2 g 2 2 

= 2(D-l)(d 2 -l)e z g' 2 s w c w QI* 
and g? 2 = 3 is the dimension of the SU(2) group. 



a,2=± 
,2 2 „ r\ T Z 



(4.30) 



^.1.5 Diagram 8 



a 4 



e 6 v 2 F (0) £ ^ ^ {/ ai ,/ a3 }^ <2 

ai,a3,a4=A,Z,± $ i2 =H,x,'j> ± 

x {/<* , 7 a4 }^ H D 8 (M ai , M„ 2 , M m , MJ , 



(4.31) 

where the curly brackets denote anticommutators and v is the vev. The loop integral _D 8 
is defined in flA.6|) and yields 

NLL 



M^D 8 (M W , M w , M w , M w ) = 0, 



M^AD 8 {M U M 2 ,M 3 , M 4 ) N i^ L 



This leads to 



A£> 8 (0, M 2 ,M 3 ,M 4 ) N ^ L (^r 



l \ 2 r 4 

' -2e- 3 - 2Le- 2 + -L 3 
3 



M w D 8 (M 1? M 2 ,0,M 4 ) N = L 0, 



A J D 8 (M 1 ,M 2 ,M 3 ,0) N ^ L (JL 



2 r 4 

-2e~ 3 - 2Le- 2 + -L 3 



M^D 8 (0,M 2 ,M 3 ,0) N ^ L 0. 



e 4 ^ = K^AD 8 (0,M w ,M w ,M z ), 



-AZ 



(4.32) 
(4.33) 



where 



K 



AZ 



eV 



1 2 4 S w 2<n r Z r^-y / 7 i \ 2 

# 2 — v QJ CT C A - (d 2 - 1) c w 

^ Cw 



(4.34) 



The above diagram is especially interesting since it represents the only contribution in- 
volving couplings proportional to v, which originate from spontaneous symmetry break- 
ing. One could naively expect that contributions involving such couplings vanish in the 
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limit v 2 /s — > 0. However, in this case we see that the loop integrals associated to A-Z 
mixing-energy subdiagrams, 

D 8 (0,M w ,Mw,M z )# ' 1 ' • ' ! 



M 7 



-2e -3 - 2Le -2 + -L 3 
3 



(4.35) 



are inversely proportional to Mf . As a result, the above diagram provides a non-suppressed 
correction in the high-energy limit. 



4-1.9 Diagram 9 



V, 



(2) 



1 4 F (0) ^ ^ ^ 

x D 9 (M ai ,M*.,M*.,M ai ), 



-1$ $ J <J> <J> 

! 3 l 2 l 2 l 3 



where the loop integral -Dg is defined in flA.6|) and yields 

D 9 (M W ,M W ,M W ,M W ) 



NLL 1 t2 -1 , 4 



AD 9 {Mt,M 2 ,M 3 ,M 4 ) 
AD 9 {0,M 2 ,M 3 ,M i ) 

AD 9 (M u M 2 ,M 3 ,0) 
AD 9 (0,M 2 ,M 3 ,0) 



NLL 



3 9 ' 

0, 



NLL ( Mj + Mf 
V 2M 4 2 , 
NLL [Ml + Mf 



2MI 
2 
3 



NLL 2 -3, 2 r -2 



4e~ 3 + ALe- 2 - -L 3 
3 

4e~ 3 + 4Le~ 2 - -L 3 
3 

^\ 

9 ' 



for massive scalars inside the vacuum polarization 6 . This leads to 

e^F™ = KJD 9 (M W , Af^t, M^, M w ) + K%AD 9 (0, , , M z ) 
+ K^AD 9 (0,M <t> ±,M <t> ±,0), 



where 



r^sew 

(T 9 



e 4 2 e^Tr^/^f^^ 

ai ,a,4=A,Z,i: 



Y 2 fY ^ 2 



K. 



AZ 
a.'.) 



1 



jAjZ 

a a 



E 



rA rZ 

J *i s ^2 ^2^3 



2 V 2 y 2 

+ (A «-> Z) 



gtc 



(4.36) 



(4.37) 



(4.38) 



6 SwCi 



C = eVTr $ (/ A / A )=^e 2 g 2 



2 2 "\/"2 I 2 2 
9l c w r $ ~r fl , 2 s w 



(4.39) 



6 For massless scalars inside the vacuum polarization we would obtain a result analogous to massless 
fermions (see Sect. 14.1.11(1 : 4D g (mi, 0, 0, m 4 ) N = L Dn i0 (mi, 0, 0, m 4 ) for masses mi, m-4 either equal to 
or of the order of Mw- 
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The traces Tr$ in the above identities can be read off from (jB.4J) . 
4-1.10 Diagram 10 



pm 

' f~T 



) **2 



ai ,as=A,Z,± 



*i 2 =H, X ,<l>± 



> 03 



x D lo (M ai ,M .,M a3 ), 



where D 



10 



D 7 . This leads to 



= K^ AD 7 {0,M^,M z ), 



where 



K 



AZ 

(7,10 



ftl £ {'V'}.... 



2K AZ 



(4.40) 



(4.41) 



(4.42) 



Also this diagram, which yields NLL contributions only through A Z mixing-energy sub- 
diagrams, gives rise to a correction proportional to (Mw/Mz) 2 via AD?(0, M^±, Mz). 
This correction cancels the contribution proportional to (M\y/Mz) 2 that originates from 
diagram 9, i.e. the term K£$AD Q in (jOHjl . 



4-1.11 Diagram 11 

Finally, we consider the contributions involving fermionic self-energy subdiagrams. 
Here we just consider a generic fermionic doublet \l/ with components = u, d. The sum 
over the three generations of leptons and quarks, as well as colour factors, are implicitly 
understood. Assuming that all down-type fermions are massless (m<j = 0) and that the 
masses of up- type fermions are m u = or m t , we have 



£1-4 



^ a\,<H=A,Z,± p=±(.^i,^j=u,d 3 1 

~(l a A fc) m^£) 1 i im (M 0lJ m B ,Tri tt ,M 04 )l, 

\ r / mi V r / tin 



(4.43) 
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where Du m = — AD S represents the contribution associated to the m u -terms in the nu- 
merator of the up-fermion propagators, whereas the integral -D 110 , which is defined in 
(|A.6|) . accounts for the remaining contributions. This latter integral yields 



Ai,o(M W) M w , M w , M 



NLL 4 r 2^_i , 16 T 3 



-L^e" 1 + — L", 
3 9 ' 



AD lli o(M 1 ,m 2 ,m 3 ,M 4 ) N = L 
ADu )0 (0, m 2 ,m 3 ,M 4 ) 

ADn,o(Mi, ma, 77i3,0) 
ADn,o(O s M 2> M 3 ,0) 



NLL / rn 2 + mjf 
NLL + mjf 



2Mf 



NLL £ 3 O 2 _ 

3 3 9 



k~ 3 + 8Le~ 2 - 

k -3 + 8Le~ 2 
16 



16 



—i? 

3 



AL> u ,o(0,0,0,0) N ^ L ^e- 



3 - -L 2 e _1 
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3 9 

for masses Mj ~ and m 2 , 7n 3 = or m t . Using the fact that 

TTv ~\~ 771^ 

AI?i 1( q (Mi ,7712,7713, 0) = 2 3 AP U ,m(Mi ,777, 2 ,77l 3 ,0), 



(4.44) 



(4.45) 



and a similar relation with <-> M 1; we can write 

e 4 ^ = ^TiAi,o(M Wl M w , M w , M w ) + K^ z n m\ AD u>m (0, m u , m u , M z ) (4.46) 



+ tff£°A£>ii, o (0, 0, 0, 0) + lO m [ADn, o (0, m u , m u , 0) - AD llj0 (0, 0, 0, 0)] 



rAA,m 



where 7 



KJi = \^ E W E Tr * 



ai,a4=A,Z,± 
2 



9i 



2 



E t (Fp) " + s 2 4 a 



= e 4 Q 2 (g 2 + Q 



p=± 

2^ 



4^2^2 



(4.47) 



and the trace Tr# can be read off from (|B.4|) . The m 2 AZ)n jm -term in ()4.46|) originates 
from A-Z mixing-energy contributions to the -Dn,o- and m 2 Dn m -terms in ()4.43|) . which 
are proportional to (m u /Mz) 2 . Their combination yields 



K 



(7,11 _ Q (7 (7 



+ (A <-> Z) = 0. (4.4* 



This means the NLL contributions proportional to (m u /Mz) 2 vanish owing to a cancel- 
lation between the momentum- and mass-terms in the fermionic propagators. This is 
analogous to the cancellation between the (Mw/Mz) 2 -terms from A-Z mixing-energies in 
diagrams 9 and 10. 

7 For the generators of neutral-current interactions, I v = I A ,I Z , we write (ij)^ ^ = 8^ i ^ j (1^)^ ■ 
A similar notation is used for Q p = Q and for the hypercharge Y p . 
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4.2 Renormalization 

In this section we discuss the renormalization of the two-loop form factors. As we 
will see, to NLL accuracy only one-loop counterterms contribute. These counterterms 
are evaluated in a generic renormalization scheme, where the weak mixing angle and the 
electromagnetic coupling constant are renormalized at the scales /i w and /i e , respectively. 
The on-shell (OS) renormalization scheme 8 corresponds to fi w = M w and fi e < M w , 
whereas the minimal-subtraction (MS) scheme is simply obtained by setting /z w = /i e = /i , 
where /io is the scale of dimensional regularization. The one-loop mass and coupling- 
constant counterterms are expressed in terms of the /3-function coefficients bi , b 2 , b^\ 
and 6qed) which are defined in App. |Bj 



4-2.1 Mass renormalization 



Since the tree-level form factors do not depend on the weak-boson masses, the only 
two-loop contributions resulting from the renormalization of the bare masses M 0ja of the 
weak bosons a = Z, W, 



M , a = M a 



1 + E 



a 
Air 



are 



6 M F m = E sz n 



d6FW 

a =z,w d\ogM a 
To NLL accuracy, the one-loop mass counterterms read 



(4.49) 



(4.50) 



(1) NLL 



Ma 



e 2 6l!> - 4 



9l 



2 



+ QIC* 



+ 92 



3m t 2 ' 
2M^. 



(4.51) 



where b zz = s^bi +c^b 2 and b\J w = b 2 . In order to determine the degree of singularity 
of the two- loop mass-counterterm contribution (|4.50jh let us consider the LL contributions 
to the one-loop form factors, 



SFP ~Mie k log 2+k (M a ) 



(4.52) 



where k > —2, and also mass-suppressed contributions are included by assuming j > 0. 
The terms resulting from a mass renormalization of (J4.52j) are of order 



5 M F m „ M ^ r (2 + k) log 2 +fc -i (Ma) + j i og 2+fc( Ma ; 



(4.53) 



and, as we see, only non-suppressed contributions with j = or j = 0(e) remain non- 
suppressed. Moreover, since the mass counterterms (J4.51|) provide only poles of order e _1 , 
we conclude that the degree of singularity of (|4.53|) is only 2 and 



§M p{2) 



NLL 



0. 



(4.54) 



3 The NLL finite parts of the one- loop counterterms within the OS scheme can be found in Ref. [Ej. 



23 



4-2.2 Coupling-constant renormalization 



Since the tree-level form factors do not depend on the EW coupling constants, the 
only two-loop contributions resulting from the renormalization 



9o,i 



1=1 



(0 

i j 



e 



of the bare couplings ^ i; <?0 2, and e , are 



5 



<9e 



(4.55) 



(4.56) 



Within the on-shell scheme [E2], the renormalized parameters e, gi, g 2 , c w , M z , and M w , 
are fixed by renormalization conditions for the electromagnetic charge and the weak- 
boson masses and through the relations (|2.21j) . (|2.22|) . and (|2.24j) . The counterterms for 
the renormalization of the bare weak mixing angle, 



c w,0 — c v 

1=1 7 1=1 
result from the weak-boson mass counterterms (j4.51|) and read 

Jc a) nll , ?) _ i /-*V Ss w = 5( $. 

The electric-charge renormalization at the scale /i e < yields 



(4.57) 



5e (l) NLL _ 



el 
27 



6« 



+ 6, 



(i) 

'QED 



(4.58 



(4.59) 



where the &W- and 6QE D -terms describe the running of the electromagnetic coupling above 
and below the electroweak scale, respectively. This latter is driven by light fermions only. 
The resulting counterterms for the gauge-couplings g\ and g 2 , read 



Sg 



(1) NLL 



2 e 



+ b, 



(i) 

QED 



(4.60) 



^.^.S 1 Wave-function renormalization 

The fermionic WFRC's (|3.5|) yield the following two-loop counterterm-contributions 



5 wF F ( 2) = 5Z (i) SF m + 8z m _ ( 6Z iD 



(4.61) 



where SF^ are the renormalized one-loop form factors. Since both SZ^ and (5Z^ 
provide only poles of order e~ 2 , to NLL accuracy we simply have 

5 WF F (2) NLL 5Z a) 5F (l)^ (4 . 62) 



and the one-loop WFRC's are given in (|3.7|) . 
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4.3 Renormalized two-loop form factors 

In this section, we present the results for the renormalized two-loop form factors 

11 



^2) NLL ^ 5F (2) + 5 WF F (2) + ^CRp^ 



(4.63) 



Various aspects of these results are discussed in detail in Sect. EJ 



4-3.1 Analogy with Catani's formula 

As we show below, the LL and NLL corrections ([4.63)1 can be written in a form that 
is analogous to Catani's formula for two-loop mass singularities in massless QCD [ 26 . 
In particular, we find that the two-loop corrections can be expressed in terms of the one- 
loop functions J(e, m) and A/(e, m) defined in (j3.9J) - (j3.10|) . In the massless case (m = 0), 
these functions are related to the factors defined in Eq. (13) of Ref. Actually, 
for a matrix element involving an external singlet gauge boson and two charged fermions, 
in the abelian case [Cp = Q 2 , Ca — 0, T R — 1) 



(l-ft)e 



2tt 



r(i-e) 



47T 



(4.64) 



at the renormalization scales /i = fi e = /i w , where the coupling constant of Ref. [EE] is 
related to a by 



(4.65) 



to one-loop accuracy, whereas for the corresponding /5-function coefficients we have 4:ir(3 = 
. In order to write the two-loop LL and NLL corrections in a compact way, it is useful 
to define 



J(e, m, /i) := - 



J(2e,m)- f — j I(e,m) 



and the corresponding subtracted functions 

AJ(e, m,/i) := J(e, m,/i) — J(e, M w ,/z). 



(4.66) 



(4.67) 



In the massless abelian case, the function 1)4.66)1 is related to the combination of 
functions that corresponds to the two-loop next-to-leading mass singularities proportional 
to (3 in Eq. (19) of Ref. [EE!, 



2tt 



2vr/? 



I (1) (2e^ 2 ; {p})W-**Le-T*< - I«(e, j, 2 ; {p}) 



r(i-c) 



a 

Att' 



g 2 6( 1) J(e,0,/i)r(l-e)e- 7EI 



NLL 



a 

4tt j 



Q 2 6«J(e,0,/i). (4.68) 
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4-3.2 Results 

We find that, at the renormalization scales \i e = fi w = Mw, the two- loop form factors 
()4.63|) can be written in terms of the one- loop form factors (j3.8|) - (j3.10|) . 



3 2 5F (1) NLL 



lie, Mi 



+ 



Y„ 



A/(e, M z ) + e 2 Q 2 A/(e,0), (4.69) 



and the functions ()4.66j) - (j4.67j) as 

NLL 1 r n _ _/nl 2 



fli=My 



e 2 6FP 



21.(1) 



J(e, M w , M w ) 



+ e 4 &g> D Q 2 AJ(e,0,M w ). (4.70) 

Here, the first term on the right-hand side can be regarded as the result of the expo- 
nentiation of the one-loop form factors. This term contains the products of one-loop 
functions 

[J(e,M w )] 2 N = L L 4 -6L 3 + 0(e), 



[A/(e,M z )] 2N ^ L 0, 



[A/(e,0)] 2N ^ L 4e- 4 -4LV 2 



-LV 1 + 12e- 3 + 12Le- 2 - 8L 3 + 0(e), 



J(e, M w )AJ(e, 0) N = L 2L 2 e~ 2 + -LV 1 - -L 4 - QLe' 2 + 7L 3 + 0(e), 

3 2 



J(e,M w )AJ(e,M z ; 



A/(e,M z )A/(e, 0) 



NLL 



NLL 



-21 z L 3 + 0(e), 



-41, 



Le- 2 + L 2 e- 1 \+0{e), (4.71) 

whereas the functions J and AJ, which are associated to the one-loop /3-function coeffi- 
cients, yield the NLL contributions 

J(e,M w ,M w ) N i^L 3 + 0(e), 

A J(e, 0, M w ) N = L ~e~ 3 + 2L e ~ 2 + LV 1 + O(e). (4.72) 

The dependence of the two-loop form factors on the renormalization scales fi e and /i w , 
which originates from the counterterms (|4.59J) - (|4.60)) . is easily obtained by shifting the 
couplings in the one-loop form factors. This results into 



e 4 5F (2) _ r e 4 JF (2) 



NLL 



NLL 2 

= e 



[J{e,M w ,ii w )-J{e,M w ,M w )} 



+ e%^Q 2 [AJ(e, 0, /i w ) - AJ(e, 0, M w )] 



+ e °QED 



Si 2 (y) + * a U 



[J (e, M w , fi e ) ~ J (e, M w , £t w )] 



+ e 2 Q 2 [A J(e, 0, /x e ) - A J(e, 0, fi w )\ . 



(4.73) 
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Within the OS scheme, where /i w = M w , ()4.73|) reduces to the last two lines with 

J(e,M w ,/i e )- J(e,M w ,M w ) ^ L -\^L 2 + 0(e), (4.74) 

+ 0(e). 



A J(e, 0, fi e ) - A J(e, 0, M w ) N = L 



2e- 2 + (2L-l^)e~ 1 -l,(L-h tl( 



3 



5 Discussion 



In this section, we discuss various features of the results ()4.70|) - (j4.74|) and compare 
them with Refs. [ El EH EH • I n particular, we focus on the effects originating from 
various aspects of spontaneous symmetry breaking, such as gauge-boson mixing, mass 
gaps and couplings with mass dimension. To this end, we first consider various subsets 
of the EW two-loop corrections corresponding to simpler gauge theories, such as massless 
QED or an SU(2) x U(l) theory with gauge-boson masses Ma = M z = M w , where these 
aspects are absent or only partially present. 

5.1 Special cases 

Our final result, as well as the contributions from individual Feynman diagrams and 
counterterms in Sects. El and 01 and App. [0 have been written in such a form that the 
following special cases can be obtained by simple substitutions. 

(i) We can consider a Higgsless theory by omitting the diagrams 8-10, as well as the 
scalar contributions to the /3-function, i.e. 

= &SS = C = o. (5.i) 



(ii) We can treat the top quark as massless by setting 

m t = 0, 6« D = (5.2) 

so that in contrast to (jB.6|) . which corresponds to m t ~ Mw, also the top quark 
contributes to the QED /5-function. 

(iii) As discussed in Sect. 12.41 the mixing effects can be consistently removed by setting 

Y* = 0, s w = 0, c w = 1, M z = M w . (5.3) 

In this case, the photon decouples from the weak bosons as well as from the Higgs 
doublet, since all components of $ have electric charge eQ$ = giY^/2 = 0. As 
a consequence, the photonic contributions to the diagrams 3 and 6-10 vanish. In 
particular, the diagrams 7, 8, and 10, which provide NLL contributions only via 
A-Z mixing-energies, do not contribute at all. 

(iv) After the mixing has been removed, one can restrict oneself to a simple U(l) gauge 
group with a massless photon by setting 

g 2 = 0, 9l = e, Y/2 = Q, = 6« . (5.4) 
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(v) The nonabelian SU(2) x U(l) interactions can be replaced by abelian U(l) x U(l) 
interactions, with a massless photon and a massive Z boson, by setting 

C a = (T 3 ) 2 , C A = 0, d 2 = 1, L — log , l z = 0. (5.5) 

As a consequence, the diagrams 3 and 6-8, as well as the gauge-boson and ghost 
contributions to the /3-function, by\, by\, and b$ e , vanish. 

(vi) The effects originating from the gap between the Z- and the W-boson mass in the 
weak-boson propagators 9 can be removed by setting 

M z = M w (5.6) 

in all diagrams as well as in the WFRC's. This implies lz = 0. When we study the 
effects of ()5.6|) on the diagrammatic calculation we do not use the identity (|2.21j) . 
which is violated in the case of a non- vanishing mixing angle (c w ^ 1). 

(vii) Finally, one can consider the case where one sets the same mass Mw m the propa- 
gators of all gauge bosons, A, Z, and W ± . As discussed in Sect. 12.51 this is obtained 
by the substitution 

Q = 0, (5.7) 
combined with (J5.6)) . In this case, the diagrams 7, 8, and 10 vanish. 

In the following, we apply various combinations of the above substitutions to each in- 
dividual Feynman diagram and discuss their effect on the resulting two-loop corrections 



5.1.1 Massless QED 

The case of massless QED is obtained by combining the substitutions (i)-(iv). In this 
case, the one-loop form factors read 

e 2 5F« WVQ 2 /(e,0), (5.8) 

and at two loops we obtain 

e 4 5Fi 2 ) N ± L ie 4 Q 4 [/(6,0)] 2 + e 4 Q 2 6« D J(e, 0, ^), (5.9) 

where 6qed = ^ = 4\L an d to NLL accuracy 

[J(e, 0)] 2 N ^ L 4e" 4 + 12e" 3 , 

J(fi, O,*) N = + 2(L - l^K 2 + (L- 1.JV 1 + \{L - 1 M J 3 + 0(6). (5.10) 

By means of (j4.64J) and ()4.68|) . it is easy to see that the above result agrees with the 
abelian case of Catani's formula for massless QCD [ 26J. 

9 In order to distinguish the weak-boson masses occurring in the propagators from those occurring in 
couplings with mass dimension, these latter have been written in terms of v. 
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5.1.2 Massive SU(2) x U(l) theory 

Let us consider the case where we suppress the gauge-boson mass gaps by replacing 
all gauge-boson masses with M\y in the propagators, but keeping all other features of the 
EW theory unchanged. In this case, which is obtained by the substitutions (vi) and (vii), 
the one-loop form factors read 



; 2 5F (i) nll 



91 



Yn 



9\C a 



I(e,M w ), 



(5.11) 



and at two loops, for \i e = /x w = M w , we obtain 



NLL 1 

ft=M w 2 



■ Cf) - uic„ 



[I(e,M w )f 



Yn 



J(e,M w ,M w ). (5.12) 



We note that the two-loop NLL contributions that are proportional to the /3-function 
coefficients in (J5.12J) can be written, analogously to the massless case (J5.9J) . in terms of 
the function J(e,M^,M\v), which involves a factor e -1 in its definition (|4.66J) . This 
indicates that the two-loop NLL's of the type b^ L 3 are related to the one-loop LL's of 
order eL 3 in I(e, 

We also note that the above result is independent of the gauge-boson mixing as well as 
of the symmetry-breaking mechanism. In fact, if we compute all diagrams in the unmixed 
case (iii), if we completely remove the Higgs doublet with the substitutions (i), or if we 
simply neglect symmetry breaking (v = 0), the resulting two-loop form factors remain 
unchanged. In particular, in absence of the mass gaps between the gauge bosons, each of 
the diagrams 1-11 is independent of the weak mixing angle. Moreover, the only diagram 
that is proportional to the vev, i.e. diagram 8, does not contribute. 

Using (|4.71j) - ([4.72p we see that, in the special cases of pure SU(2) and pure U(l) 
massive theories, which result from g\ = and #2 = 0, respectively, the result (|5.12j) is in 
agreement with Ref. [118]. 

5.1.3 Massless U(l) theory with heavy top quark and scalar doublet 

In order to discuss the effect resulting from the gap between the (vanishing) mass of 
the photon and the heavy masses of the top quark and scalar particles, let us consider the 
case of a U(l) theory with fermions and a scalar doublet, which is obtained by removing 
symmetry breaking (v = 0) and combining the substitutions 10 (iii) and (iv). In this case, 
the one- loop form factors are as in 1)5.8]) and at two loops, for \i e = fi w = Mw, we obtain 



W2) 



NLL 



-e 4 Q 4 [I(e, 0)] 2 + e 4 Q 2 6« J(e, M w , M w ) + 6« D A J(e, 0, M 



w , 



(5.13) 



10 In this case, we do not use 1)2.2211 and keep 1$ ^ in (iii), so that the components of the scalar 
doublet have a non- vanishing electric charge, eQ$ = giY$/2. 
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As one can easily see by using the definition ()4.67|) , the only difference between (15.13)1 and 
the result (|5.9|) for massless QED consists of NLL's proportional to (b^ — &qed) times 
J(e, M W ,M W ). Such terms, which result from diagrams 9 and 10, from the top-quark 
contribution to diagram 11, and from the corresponding heavy-particle contributions to 
the /3-function, do not give rise to infrared 1/e poles and behave as if the photon would 
be heavy [see ()5.12|) ]. 



5.1.4 Mass-gap effects within an abelian U(l) x U(l) theory 

In order to discuss the effects resulting from the gap between the vanishing mass of 
the photon (A = 0) and the weak-boson mass scale M w , let us consider a U(l) x U(l) 
theory with a massless photon and a Z boson with mass 11 Mi = Mw coupled to (massless 
and heavy) fermions and to the Higgs doublet. In this case, which results from the 
substitutions (v), the one-loop form factors read 



z 2 5F [i) nll 



9l 



3\2 



J(e,M w ) +e 2 Q 2 A/(e, 0), 



and at two loops, for /i e = /i w = M w , we obtain 



(5.14) 



1 5F (2) 




si 2 (y) 



+ e z 



J(e,M w ) +e 2 Q 2 A/(e, 0) 
J(e, M w , M w ) 



+ e%l D Q 2 AJ(e,0,M w ). 



(5.15) 



The various products of one-loop functions that appear in this expression for the two-loop 
corrections have been expanded in (|4.71|) and (|4.72j) . including terms up to the order e°. 
It is interesting to observe that certain one-loop functions on the right-hand side of ()5.15j) 
need to be expanded beyond order e° in order to reproduce all divergent and finite parts 
of the result ()4.63|) of the diagrammatic NLL calculation. Indeed, in the products of the 
type /(e, Mw)AJ(e, 0), i.e. combinations of massive and massless one-loop contributions, 
the massive one- loop terms have to be expanded up to the order e 2 , since the massless 
one-loop terms involve poles of order e -2 . This means, for instance, that the two- loop 
corrections of order L 4 in (|5.15|) receive contributions from the one-loop corrections of 
order e 2 L 4 . 

As in Sect. 15.1.21 also in the U(l) x U(l) case we find that the final result does 
not change if one performs the diagrammatic calculation by neglecting the gauge-boson 
mixing and/or the symmetry-breaking mechanism. In particular, the diagram 8 does not 
contribute in the abelian case. 

A detailed comparison of the result ()5.15|) with Refs. [[T71 HH1 HH| is not possible, since 
we have regulated mass singularities dimensionally and we did not include real electro- 
magnetic corrections. However, we observe that ()5.15|) . and in particular its dependence 

11 Despitc of the fact that there are no W bosons in the abelian case, here we assume Mz = Mw since 
we have chosen M\y as scale of the logarithms H2.10J) originating from massive gauge bosons. 
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on the gauge-boson mass gap, A <C M w , confirms the approach that has been adopted in 
Refs. [ El El IS] to resum the EW corrections. Indeed, we see that the only difference 
between (|5.15j) and the corresponding result for A = M w , i.e. the abelian case of (|5.12|) . 
consists of terms proportional to Q 2 AI(e, 0) and Q 2 bql ]D AJ(e, 0, Mw), which correspond 
to QED corrections (with A = 0) subtracted at the scale A = Mw- This means that the 
two-loop corrections in presence of a mass gap A -C Mw result from the corrections within 
an unbroken and unmixed gauge theory with A = Mw with additional mass-gap effects 
that are of pure electromagnetic nature. 



5.1.5 Mixing, Z-W mass gap and symmetry breaking within the electroweak theory 

Finally, let us discuss the results ()4.70j) - (j4.74j) . which are obtained by considering all 
two-loop diagrams within the spontaneously broken EW theory. We first observe that 
the only two-loop contributions depending on the gaps between the heavy-particle masses 
()2.13|) are the NLL's proportional to lz = log(Mz/Mw) that arise from the squared one- 
loop corrections in (j4.70J) via the A/(e, Mz) subtracted terms in ()4.69|) . This means that 
such Z-W mass-gap contributions exponentiate. 

If we neglect these NLL's proportional to lz, the result (|4.7U|) is analogous to (|5.15|) 
and confirms the approach adopted in Refs. [ [T71 El E] to resum the EW corrections, as 
discussed in Sect. I5.1~4l for the abelian case. In particular, the effects resulting from the 
gap between the (vanishing) photon mass and the weak-boson mass scale turn out to be 
of QED nature also in the non-abelian case. 

We note that, apart from the lz contributions, the result ()4.7()j) seem to be insensitive 
to the gauge-boson mixing, the Z-W mass gap, and the symmetry breaking. Indeed, 
if we compute all diagrams in absence of mixing, with Mw = Mz in the weak-boson 
propagators, and v = 0, we obtain the same two-loop form factors (|4.70J) with lz = 0. 
However, when we perform the calculation within the mixed spontaneously broken EW 
theory, we observe that the mixing effects drop out as a result of subtle cancellations 
between different diagrams, which take place only if the Z-W mass gap and the vev are 
properly taken into account. 

In order to understand these mixing cancellations, let us consider the behaviour of the 
diagrams involving A-Z mixing-energies, i.e. diagrams of the type 




(5.16) 



which we call A-Z mixing diagrams. The combination of all A-Z mixing diagrams 6- 
11 yields the infrared- divergent contribution 12 , 

2 



ASF, 



(2) NLL 
,AZ _ 



4e 2 g 2 s w c w QI*K(M w , M z , v) 



+ Le 



-L 



(5.17) 



12 



(Ell- 



Here we consider the infrared-divergent A-contributions corresponding to the subtracted terms in 
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where 



K(M w ,M z ,v)= [AC A -3(d 2 -l)]+ -^—) C A -(d 2 -l)c 




(5.18) 

We note that only the bosonic diagrams 6-8 contribute to (j5.17|) . whereas the fermionic 
A-Z mixing diagrams 11, and the combination of scalar A-Z mixing diagrams 9 and 
10 are irrelevant. The A-Z mixing contributions (J5.17|) arise only in presence of mixing 
(s w 7^ 0) and are of non-abelian nature, since the coefficient ()5.18|) vanishes within an 
abelian U(l) x U(l) theory, where Ca = and d 2 = 1. Moreover, they involve the only 
(NLL) contribution that depends on the vev, i.e. diagram 8. 

We see that, in contrast to the contributions from all other diagrams, ()5.17j) - (j5.18|) de- 
pend linearly on the ratios (Mw/Mz) 2 or (v/Mz) 2 . For instance, the A-Z mixing diagrams 
yield infrared- divergent terms proportional to (Mw/Mz) 2 e -3 that arise as combinations 
of UV singularities proportional to M w e _1 from tadpole mixing-energy subdiagrams, to- 
gether with soft-collinear singularities proportional to M% 2 e~ 2 from the region where the 
photon momentum vanishes and the Z-boson propagator equals — i<7 M "/Mf . 

In the final result, we find that the A-Z mixing contribution (J5.17)) cancels against a 
corresponding mixing contribution proportional to s w QI^ [e~ 3 + Le~ 2 — 2/3L 3 ] from all 
other diagrams 13 . In order to ensure this mixing cancellation, it is crucial to take into 
account the relations ()2.20|) between the weak-boson masses and the vev. In particular, 
one has to compute the A-Z mixing diagrams using Mw = c w Mz, i.e. different masses in 
the weak-boson propagators. 

If one would neglect the vev, i.e. diagram 8, or if one would compute all diagrams with 
Mw = Mz, the mixing cancellations would be destroyed, and one would find deviations 
of order e -3 with respect to ()4.70|) . However, it is interesting to note that if one simul- 
taneously omits the diagram 8 (v = 0) and one uses M w = M z in the propagators, then 
(I5.18|) remains unchanged, i.e. the mixing cancellations are preserved and one obtains the 
same result as in (J4.7U)) . This means that the diagram 8 cancels the Z-W mass-gap effects 
resulting from the gauge-boson- and ghost- A-Z mixing diagrams 6 and 7. 



6 Conclusions 



We have considered the one- and two-loop virtual electroweak (EW) corrections to the 
form factors for an SU(2) x U(l) singlet gauge boson of invariant mass s coupling to mass- 
less chiral fermions. In the asymptotic region s ^> M 2 ^, we have computed mass singular- 
ities in D = 4 — 2e dimensions taking into account leading logarithms (LL's) and next-to- 
leading logarithms (NLL's). This approximation includes combinations a l e k log J+fe (s/M 2 v ) 
of mass-singular logarithms and 1/e poles, with j = 21, 21 — 1, and —j<k<4 — 21. The 
heavy particle masses, Mz ~ Mw ~ m t ~ Mh, have been assumed to be of the same 
order but not equal. 

We found that the EW two-loop LL's and NLL's result from the exponentiation of the 
corresponding one-loop contributions plus additional NLL's that are proportional to the 

13 Such contribution corresponds to (|5.17(1 with the factor H5.18(l replaced by —2. 
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one-loop /3-function coefficients. This result has been expressed in a form that corresponds 
to a generalization of Catani's two-loop formula for massless QCD. 

If one neglects the NLL's proportional to log(M z /M w ), which turn out to exponen- 
tiate, the result confirms the approach that has been adopted in Refs. [ [T7J [TBI EH] to 
resum the EW corrections. Indeed, the two-loop EW LL's and NLL's can be expressed 
through the corresponding corrections within an unbroken and unmixed SU(2) x U(l) 
theory where all EW gauge bosons have mass and additional effects resulting from 
the gap between the vanishing photon mass, A = 0, and the weak-boson mass scale M^. 
Such photonic mass-gap effects turn out to consist of pure QED corrections, with A = 0, 
subtracted at the scale A = M w . 

Apart from the log(Mz/Mw)-contributions, the effects from the gauge-boson mixing, 
the Z-W mass gap, and the symmetry breaking cancel in the final result. However, we 
found that this simple behaviour of the two-loop form factors is ensured by subtle cancel- 
lations between subleading mass singularities from different diagrams where, in contrast 
to the assumptions (i)-(iii) discussed in Sect. UJ the details of spontaneous symmetry 
breaking cannot be neglected. In particular, we have stressed that 

(i) Couplings with mass dimension, i.e. proportional to the vacuum expectation value 
v, cannot be neglected in the massless limit M w /s — > 0. 

(ii) Diagrams involving A-Z mixing-energies, which give rise to contributions propor- 
tional to (Mw/Mz) 2 and (v/Mz) 2 , have to be computed using different masses, 
Mw 7^ Mz, in the weak-boson propagators. 

(iii) The mixing effects drop out as a result of cancellations that take place only if the 
relations between the weak-boson masses, the weak mixing angle and the vacuum 
expectation value are properly taken into account. 

We note that the symmetry-breaking effects were restricted to a small subset of di- 
agrams in this form-factor calculation, since the Higgs sector is coupled to the massless 
fermions only via one-loop insertions in the gauge-boson self-energies and mixing-energies. 
Therefore, it would be interesting to extend the study of two-loop subleading mass singu- 
larities to processes involving heavy external particles, which are directly coupled to the 
Higgs sector. 
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A Loop integrals 

In this appendix, we list the explicit expressions for the Feynman integrals that con- 
tribute to the one- and two-loop diagrams discussed in Sects. E2 and 0] In order to keep 
our expressions as compact as possible we define the momenta 

h = h+pi, k 2 = k+Pi, h = h + h+Pi, 

qi = h-P2, q2 = k-P2, q3 = h + k-P2, h = ~h - h, (A.l) 
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for massive and massless propagators we use the notation 

P{q,m) :=q 2 -m 2 + i0, P{q) := q 2 + iO, (A.2) 

and for triple gauge-boson couplings we write 

P™(Za, l 2 , h) := g^(h - Z 2 r + g^(l 2 - / 3 ) m + 9^(h ~ hT 2 ■ (A.3) 

The normalization factors occurring in (J2.6j) and (|2.7|) are absorbed into the integration 
measure 

d J. ^]1^-D^k = J_ T (D_ 1 \ ( _ s7r)2 _ D /2 d D z (A 4) 

and for the projection introduced in ()2.4|) we use the shorthand 

Pr (n := 2(2 -D)s Tl ■ ^ 

With this notation we have 

D(m)- ifdl ^J^MMbI 



D 2 (m 1 ,m 2 ) := - J dl x dl 2 
D 3 (mi,m2,m 3 ) := J dhdl 2 



P(l limi )P(l 2 , m 2 )P(k l )P(k 3 )P(q l )P(q 3 ) ' 

Pr (7^17^37^37^27^) 
Pi^m^Pih, m 2 )P(k 1 )P(k 3 )P(q 2 )P(q 3 ) ' 
Pr (7^ $ 3 7 ^ 37 w ) r MlM2 M3 (ji , Z 2 , Zg) 
P(Zi, mi)P(Z 2 , m 2 )P(Z 3 , m 3 )P(fc 1 )P(A; 3 )P(g 3 ) 



P 4 (mi,m 2 ) := — J dlidl 2 — j ^ . ,. >t , i]2 



Pr (7 w #i7^ 37^i7^i7 w ) 

2 P(/ 1: 

D 5 (m 1 ,m 2 ) := — J dhdl 



P(h,m l )P(l 2 , m 2 ) [P(fei)] P(h)P( qi ) 

Pr (7 At2 ^27 m ^37M 2 ^i7^i7M 1 ) 
P(l 1 ,m 1 )P(l 2 , m 2 )P{k 1 )P{k 3 )P{k 2 )P{q 1 ) ' 



D 6 (m u m 2 ,m 3 ,m 4 ) := / dZidZ 2 — — — — x 

7 P(/i, m x )P{l 2 , m 2 )P(l 3 , m 3 )P(l h m 4 )P(A; 1 )P(g 1 ) 

x [r /ilM2M3 (/ 1 , Z 2 , l 3 )T^^(l u l 2 , l 3 ) + 2l 2 ^) , 

D7(mi ' m2 ' ms) := / d/ ~ ld/ ~ 2 Wu ' 

nr x /' #1 r,r Pr(7^^ 1 7^ l7m ) 

D 8 (mi,m 2 ,m 3 ,m i ) := / d£idZ 2 - 



■ P(h, mi)P(Z 2 , m 2 )P(Z 3 , m 3 )P(/ 1; m 4 )P(fc 1 )P(g 1 ) ' 
n , x /• ,r ,r Pr (7 m ^i7^i7M 4 ) (jg - kU*2 ~ ^ 4 

D l0 (m 1 ,m 2 ,m 3 ) := D 7 (m 1 ,m 2 ,m 3 ), 

n , s ,7 Pr (7 w ^i7^i7M4)Tr(7 m / 2 7 M4 /3) 

Dn )0 mi, m 2 ,m 3 ,m 4 := - / dZidZ 2 — , , . . 

J P(/ 1; m 1 )P(/ 2 , m 2 )P(/ 3 , m 3 )P(/ 1; m 4 )P(/c 1 )P(g 1 ) 

^11^(^1,^2,^3,^4) := -4P> 8 (mi,m 2 ,m 3 ,m 4 ). 
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In order to isolate the effects originating from the mass gaps as discussed in Sect. 12.51 we 
introduce the subtracted loop integrals 



AD k (mi, m n ) := D k (m u m n ) - \D k {m u . . . , m n )] m . =Mw . 
B (5— function coefficients 



(A.7) 



In this appendix we give relations and explicit expressions for the one-loop /^-function 
coefficients &[ , b% , and &qe D , which have been used in the calculation. For more 
details we refer to Ref. [1X3]. 

The coefficients b^ and b^\ are related to the matrix 



J ab 



Jl)rU(l) .(1) cSU(2) 
°1 °ab i °2 °ab : 



a,b = A, Z, ±, 



(B.1) 



which corresponds to the residues of ultraviolet poles of the gauge-boson self-energies and 
mixing-energies. Here, 5 U W and 5 slJ ^ are the projectors defined in ([2.27)1 . The coefficient 
corresponding to the electric-charge renormalization is given by 



1,(1) _ 1,(1) _ r 2 h W _j_ „2 h ( 
°e — °AA — c w°l + b w°2 



2 1.(1) , o2 1,(1) 



(B.2) 



Each /3-function coefficient = bi , b*ip , b^ , b^ receives contributions from the gauge 
(V), scalar (<&), and fermionic (F) sectors, and the fermionic contributions result from 
the sum over N G = 3 generations of leptons (L) and quarks (Q), with N c = 3 colours: 



V b {1) 

/ , °R,ki 
R=V,$,F 



b {1) 



N, 



G 



_|_ AT ti 



(B.3) 



The individual contributions to b^j} read 14 



11 



SU(2) 
ab i 



14 



e 2 b$ ab = --/Tr, (ri b )=- 

e 2 btb = -\* E Tr* (/;/;) 

p=± 



1 r 

6 



2y2 rU(l) v , 

2 JV- (Xpfd + rU(l) 1 2 A SU(2) 

p=± 4 Z 



2rSU(2) 



Each contribution b R ab is expressed in terms of the trace 

1 



e 2 Tr c? (J 5 / 6 ) 



; V f a I b 



SU(2) 



(B.4) 



in the corresponding representation R — V, $, ^. For singlet-, doublet- and triplet-SU(2) representations 
we have Ttr = 0, 1/2 and 2, respectively. For i? = 4>, since we parametrize the Higgs doublet in terms of 
its four physical components, we have 



Tr* (l a I b ) = I 



E 



ja jb 
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where the last line corresponds to a doublet of leptons or quarks = L, Q) with up- and 
down- components = u, d. The resulting contributions to (jB.2|) read 





V,e — 



i -±e*Tr v (l A I A ) = fgislC A , 
-^ 2 Tr, (l A I A ) = -\[glclYl + gisi 



(B.5) 



The QED /3-function coefficient is given by the light-fermion contributions only, i.e. 
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